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Abstract
Unique twistor–like Lorentz harmonic formulation for all N = 1 supersymmetric ex-
tended objects (super–p–branes) moving in the space–time of arbitrary dimension D (ad-
missible for given p) are suggested. The equations of motion are derived, explicit form of
the κ–symmetry transformations is presented and the classical equivalence to the stan-
dard formulation is proved. The cases with minimal world–sheet dimensions p = 1, 2,
namely of D = 10 heterotic string and D = 11 supermembrane, are considered in details.
In particular, the explicit form of irreducible κ–symmetry transformations for D = 11
supermembrane is derived.
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1 Introduction
The extension of different variants of the twistor approach [1] for the case of supersymmet-
ric extended objects (super–p–branes) moving in high dimensional space-time became an
actual task after the works [2, 3, 4] had been published. In [3, 4] the famous κ–symmetry
of D = 3, 4 superparticle [5, 6] have been identified with the world-line supersymmetry.
Moreover, it has been proved [3] that the problem of irreducible κ–symmetry description
which troubled superparticle and superstring covariant quantization [7] are automatically
solved in the framework of twistor-like formulation, i.e., when an appropriate auxiliary
bosonic spinor variables are present in the configurational space of the theory and the
action functional has twistor-like form 1.
One of the directions of the generalizations of the results from Refs. [2, 3, 4] con-
sist in the construction of world-line (world-sheet) superfield or doubly supersymmetric
formulation of the supersymmetric objects, where the κ–symmetry is completely realized
as superconformal world-line (worldsheet) supersymmetry. Such formulation have been
presented for superparticle in D = 3, 4, 6, 10 [11], heterotic [12] and D = 3 Green-Schwarz
superstrings [13], as well as for the supermembrane in D = 11 [14].
At the same time, a component variant of twistor-like approach has been developed
using the Lorentz harmonic variables as twistor-like ones [15, 16, 17, 18]. The works
[15, 16, 17, 18] gave the bridge between the twistor approach and the well known works
[19, 20], where the idea of Lorentz covariant quantization of D = 10 superparticle and
superstring using the extension of the phase space by specially chosen set of vector [21]
and spinor harmonics had been realized. Extended objects without tension (null super–p–
branes) in D = 4 space-time have been covariantly quantized in the twistor-like Lorentz
harmonic formulation [16]. This demonstrated the power of such approach and gave the
first example of selfconsistent quantum theory for the extended objects with the world-
volume dimension d = p + 1 > 2. The formulations of such type have been constructed
for D = 4, N = 1 and D = 10, N = IIB superstrings [17] as well as for D = 11
supermembrane [18].
Another super–p–branes [22] – [31] also are physically interesting objects, because
they appears as supersymmetric solitons in some field theories [22, 26] as well as in some
super–p–brane theories [28, 29]. So, the heterotic 5–brane [27] appears as soliton solution
in D = 10 superstring theory [28] and vice versa [29].
Here we will suggest an universal twistor–like Lorentz-harmonic formulation for the all
1See also the papers [8, 9, 10], were the twistor formulations of supersymmetric particles and strings
are discussed
2
admissible set [24] of N = 1 super-p-branes in D-dimensional space-time. We will prove
their classical equivalence to the standard formulations, derive the motion equations and
present an explicit form of the irreducible κ–symmetry transformations.
For simplicity, we give an explicit calculations for the dimensions D = 2, 3, 4, 10, 11
where the Majorana spinors exist. The intermediate formulas for the general case may be
easily reproduced using slightly more complicated notations of Ref.[24].
2 Twistor-like action, equations of motion and κ–
symmetry for N = 1 super–p–branes
2.1. Lorentz harmonic variables.
Definitions and admissible variation concept
In this subsection we describe the necessary set of the Lorentz harmonic variables
which are suitable for the construction of the twistor like formulations of N = 1 super-p-
branes living in D dimensions for all admissible values D and p [25, 24]. For simplicity,
explicit expressions will be given for the cases D = 2, 3, 4(mod 8), where the Majorana
spinor representation exists. Of course, all the results may be easily extended to another
values of D using the spinor conventions developed in [24].
Hence we suggest that the used γ-matrices and σ-matrices are symmetric and real
ones
(CΓm)
T = (CΓm), (Γ
nC−1)T = (ΓnC−1) (1)
Moreover, for the all admissible values of D and p (i.e., for all D and p where the
standard N = 1 super−p-brane formulations exist [25] )
(Γm1C−1){αβ(Γm1...mpC
−1)γδ} = 0 (2)
The Lorentz harmonic variables form the matrix vaα taking its values in the spinor rep-
resentation of the double covering of D-dimensional Lorentz group Spin(1, 9) ≃ SO(1, 9)
vaα ∈ Spin(1, D − 1) (3)
In (3) α = 1, . . . , 2ν is Spin(1, D − 1)(≃ SO(1, D − 1)) spinor index ; a = 1, . . . , 2ν is
the composed spinor index of the right product of (pseudo)orthogonal groups [SO(1, p)×
3
SO(D−p−1)] and 2ν is the dimension of the considered spinor representation: ν = [D/2]
for D = 3, 4(mod8) and ν = (D−2)/2 for D = 2(mod8) when the Majorana-Weyl spinors
are used.
The key point of the discussed approach consists in the statement that the basic
elements of the orthonormal vector repere u(n)m
u(n)m u
m(l) = η(n)(l) = diag(1,−1, . . . ,−1) (4)
are determined by means of the ”square root” type universal relations in terms of a
harmonic variable matrix vaα
u(n)m ≡ 2−νvaα(CΓm)αβvbβ(Γ(n)C−1)ab (5)
For D = 2(mod8) and the Majorana-Weyl spinors the matrices (CΓm) and (Γ
nC−1)
should be understood as the chiral σ–matrices σ˜m and σ
n
(CΓm)→ σ˜m, (ΓnC−1)→ σn (6)
Then, more strong relation is satisfied for D = 10, p = 1 instead of (2)
σ˜α{βm σ˜
γδ}m ≡ 1
3
(σ˜αβm σ˜
γδm + cyclic permutations (α, β, γ)) = 0 (7)
Eq. (3) is realized as the requirement for the harmonic matrix to satisfy some algebraic
restrictions which are called harmonicity conditions (see [32])
vaα ∈ Spin(1, D − 1)⇔ ΞM(v) = 0 (8)
An explicit form of the harmonicity conditions have been presented in [15], [33, 34]
for D = 3, 4, 6, 10 superparticles and superstrings (see also [35] for D = 10 case) and in
[18] for D = 11 supermembrane. Here we shell present only the necessary set of general
features of harmonic variables and will not write these harmonicity conditions explicitly
2.
As the consequence of (8) the Γ–matrices can be removed from one side of (5) to
another. I.e. there are the following consequences of (3) for any D = 2, 3, 4(mod8)
ΞM(v) = 0⇒
2Such approach to harmonic variables was used in our previous works [18] as well as in the recent work
[36]. Previously the similar approach to the spinor realization of the repere variables (which are identical
with Lorentz harmonic variables as well as with generalized Newman–Penrose dyades [16, 17, 18]) was
used in the interesting work of Wiegmann [37] devoted to the effective actions of spinning and heterotic
strings
4
u(n)m (Γ
mC−1)αβ = v
a
α(Γ
(n)C−1)abœ[5 v
b
β
u(n)m (CΓ(n))
ab = vaα(CΓm)
αβvbβ (9)
(ΓmC−1)αβ = v
a
α(Γ
(n)C−1)abv
b
βu
m
(n),
(CΓ(n))
ab = vaα(CΓm)
αβvbβu
m
(n), (10)
u(n)m (Γ(n)C
−1)ab = v
α
a (ΓmC
−1)αβv
β
b ,
u(n)m (CΓ
m)αβ = vαa (CΓ(n))
abvβb (11)
Here vαa ≡ v−1αa , i.e. the relations
Ξba ≡ vαa vbα − δba = 0 (12)
should be satisfied. This is an independent harmonicity condition for D = 2(mod8).
However, the matrix vαa can be constructed from v
b
α one for D = 3, 4(mod8) due to
harmonicity conditions
Ξab ≡ vaαCαβvbβ − Cab = 0⇒ vαa = C−1ab vbβCβα (13)
Eq.(13) is the manifestation of the invariance of the charge conjugation matrix Cab under
SO(1, D− 1) rotations.
Moreover, the following relations
Sp(vTCΓm1...mkvΓ
(n)C−1) = 0, Sp(vTCΓmvΓ
(n1)...(nk)C−1) = 0,
( when k > 1) (14)
are satisfied for the matrix vaα ∈ Spin(1, D − 1) (3).
The relations (5), (9) – (11) are the basic ones of the twistor–like Lorentz harmonic
approach to super−p-brane theories.
To solve the variational problem formulated in the configurational space which in-
cludes the Lorentz-harmonic variables the concept of admissible variations [21, 17] is very
useful. These are the variations which do not violate the harmonicity conditions (8) or,
equivalently, the relation (3)
(vaα + δv
a
α) ∈ Spin(1, D − 1) (15)
For the definition of the admissible variation it is convenient to discuss the variation
of the (9)–(11) arising from the harmonicity conditions. So, varying the relation (9), we
get
5
δu(n)m (CΓ(n))
ab = δvaα(CΓm)
αβvbβ + v
a
α(CΓm)
αβδvbβ ≡
≡ (v−1δv)adum(k)(CΓ(k))db + (v−1δv)bdum(k)(CΓ(k))da (16)
Use of the first relation (11) transforms Eq. (16) into the form
um(k)δu(n)m (Γ(k)(n))
a
b = D(v
−1δv)ab + (CΓ
(k)(v−1δv)Γ(k)C
−1)ab (17)
Taking into account the Fiertz identities (101) (see Appendix A) for the matrix
(v−1δv), we can derive from (17) the following set of relations which defines the admissible
variation
Sp(v−1δv) = 0 (18)
− 2−(ν−1)Sp(v−1δvΓ(k)(l)) = um(k)δu(l)m ≡ Ω(k)(l)(δ) (19)
Sp(v−1δvΓm1...mq) = 0, (20)
where q = 1, 3, 4, . . . for D = 3, 4(mod 8), and q = 4, 6, . . . for D = 2(mod 8).
Hence, the admissible variation of vaα is one which may be reduced to SO(1, D − 1)
rotation
δvaα =
1
4
Ω(k)(l)(δ)(Γ(k)(l))
a
bv
b
α ⇐⇒ (v−1δv)ab =
1
4
Ω(k)(l)(δ)(Γ(k)(l))
a
b (21)
with the Cartan form Ω(k)(l)(δ) (19) as the parameter.
This result seems to be just evident when the definition (3) of the harmonic variables
is taken into account.
2.2. Twistor-like action functional
for N = 1 SUPER–P–BRANES in D-dimensions
The proposed in [17, 18] action functional for super-p-branes moving in space–time of
any admissible [25] dimension D has the following form
SD,N=1,p = (α
′)−
1
2
∫
dp+1ξ e(ξ)
(
−eµfωmµ u{f}m + c(α′)
1
2
)
+ SW−ZD,N=1,p, (22)
6
SW−ZD,N=1,p ≡ (α′)−
1
2
ai
p+ 1
∫
dp+1ξ ǫµp...µ1µ0
p+1∑
k=0
[ωmpµp . . . ω
mk+1
µk+1
×
∂µkx
mk . . . ∂µ1x
m1(∂µ0θΓm1...mpC
−1θ)]. (23)
Here α′ is the Regge slop like parameter with the dimension equal the square of length,
c is a dimensionless parameter (c(α′)
1
2 ) is the worldsheet cosmological constant) and the
value of the parameter a
a = ±i p(p−1)2 (c2α′)− p2 p
p
p!
(24)
is defined (up to a sign factor) by the κ–symmetry requirement;
ωmµ = ∂µx
m − i∂µθΓmC−1θ ≡ ∂µxm − i∂µθα
(
ΓmC−1
)
αβ
θβ, (25)
xm(m = 0, 1, . . . , D − 1) are the ordinary (flat) space-time coordinates and θα(α =
1, . . . , 2ν) are the fermionic (Grassmannian) coordinates of the N = 1 D–dimensional
superspace which have the properties of the Majorana (Majorana-Weyl for D = 2, 10)
spinors with respect to SO(1, D− 1) group.
2.3. SUPER–P–BRANE equations of motion
Using the admissible variation concept (21) we can write an arbitrary variation of the
functional (22) in the form 3
δSD,N=1,p = (α
′)−1/2
∫
dp+1ξ [eδeµf{−ωmµ u{f}m − efµ(−ωmν u{g}m eνg + c(α′)1/2)}}+
+Ω{g}{f}(δ)eeµfu{g}mω
m
µ + Ω
(i){f}(δ)eeµfω
m
µ u
(i)
m +
+ωm(δ){∂µ
(
eeµfu
{f}
m
)
+ ipaǫµp...µ1µ0ωmpµp . . . ω
m2
µ2 ∂µ1θΓmm2...mpC
−1∂µ0θ}+
+2i{eeµf (∂µθΓmC−1)αu{f}m + aǫµp...µ1µ0ωmpµp . . . ωm1µ1 (∂µ0θΓm1...mpC−1)α}δθα], (26)
Hence, the motion equations for the discussed super-p-brane formulation have the
following form
3The use of the supersymmetric invariant variation ωm = δxm− iδθΓmC−1θ instead of δxm simplifies
the derivation of the motion equations and symmetry transformations in the manifestly supersymmetric
form.
7
ωmµ u
{f}
m =
c
p
(α′)+
1
2 efµ, (27)
ωmµ u
(i)
m = 0, (28)
∂µ
(
eeµfu
{f}m
)
+ ipaǫµp...µ1µ0ωmpµp . . . ω
m2
µ2
∂µ1θΓmm2...mpC
−1∂µ0θ = 0 (29)
eµf∂µθ
βvbβ
(
Γ{f}C−1
)
bc
(δca ± (Γ′)ca) = 0 (30)
In the derivation of Eq.(30) the explicit value of parameter a was substituted and the
following identity was used
ǫfp...f1f(Γ{f1}...{fp}C
−1)ba = −i
p(p−1)
2 p!(Γ{f}C−1Γ′)ca (31)
where the matrix Γ′ is defined by the relation
(Γ′)ca ≡
1
(p+ 1)!
i
p(p−1)
2 ǫfp...f1f0
(
CΓ{f0}...{fp}C
−1
)c
a
(32)
and is the square root from the unity matrix
(Γ′)2 = I (33)
So, 1
2
(1 ± Γ′) are the projectors, which are related to the known ones 1
2
(1 ± Γ) building
from the matrix [23]
(Γ)αβ ≡
i
p(p−1)
2
(p+ 1)!
(
p
c(α′)1/2
)p+1
1
e
ǫµp...µ1µ0ωmpµp . . . ω
m1
µ1
ωm0µ0
(
CΓ{m0}...{mp}C
−1
)α
β
(34)
on the mass shell 4.
However, 1
2
(1±Γ′) has the projection properties off–shell in distinction with 1
2
(1±Γ).
This is one of the advantages of the twistor–like approach.
After the exclusion of the Lorentz-harmonic variables using (27), (28), the equations
of motion (29), (30) coincide with the standard ones [7, 23, 25]. This proves the clas-
sical equivalence of the discussed formulation with standard one on the level of motion
equations. The proof on the level of action functionals is presented in the next subsection.
However, equations of the Lorentz-harmonic formulation have the simpler form. So,
Eq. (29) has the σ-model-like form. The simplicity of Eq. (30) is evident when the
SO(1, 9)L × [SO(1, p)× SO(D − p− 1)]R–invariant splitting of the harmonic matrix
vaα =
(
vqαA, vqαA˙
)
(35)
4To reduce the expression (34) for the projector Γ to the form presented in [23] the value of the
dimensionless constant c should be fixed to be pi1/(p+1)
8
is used. Here q is the spinor index of SO(1, p), A and A˙ are the indices of some (may be,
the coinciding) spinor representations of SO(1, D − p− 1) group. Because of the projec-
tion character of the matrices 1
2
(1± Γ′) there exists a representation where the matrices(
Γ{f}C−1
)
bc
(δca ± (Γ′)ca) have the diagonal form with only nonvanishing components
(
(Γ{f}C−1)(I ± Γ′)
)qp
A˙B˙
∝ δA˙B˙(ǫγf )qp
(
(Γ{f}C−1)(I ∓ Γ′)
)
qApB
∝ δAB(γfǫ−1)qp (36)
where γf and ǫ are d = (p + 1)–dimensional γ–matrix and charge–conjugation matrix
respectively.
In such representation Eq.(30) acquires the following simple particle–like form
eµf∂µθ
βvβqA˙(ǫγ
f )qp = 0 (37)
Note that Eq.(37) can be presented in the form of the Dirac equation
(ǫγf )pqDfθqA˙ = 0 (38)
for the variable θqA˙ = θ
βvβqA˙ which appears as a covariant piece of the Lorentz invariant
Grassmann field θa = θβvaβ =
(
θpA, θpA˙
)
. The covariant derivative Df involved into Eq.(38)
is defined by the relation
Dfθ
a ≡ eµf
(
∂µθ
a − 1
4
Ω(k)(l)µ θ
b(Γ(k)(l))
a
b
)
(39)
with Ω(k)(l)µ to be the components of the SO(1, D− 1) covariant Cartan form (19)
2.4. Classical equivalence with standard formulations
Eqs.(27) and (28) means that the vectors u{f}m are tangent to the worldsheet and the
vectors u(i)m are orthogonal to the worldsheet
ωmµ =
c
p
(α′)+
1
2 efµu
{f}m, (40)
From the other hand, Eq.(27) results in the fact that the first term in the Lagrangian (22)
is proportional to the second one
eeµfω
m
µ u
{f}
m =
1
p
ec(α′)+
1
2 , (41)
9
Further, take into account, that e ≡ det(efµ) may be rewritten in terms of induced metric
gµν
gµν ≡ efµefν =
p2
c2α′
ωmµ ωmν
in the form
e ≡ det(efµ) ≡ det1/2(gµν)
Hence,
e =
p2(p+1)
c2(p+1)(α′)p+1
det1/2(ωmµ ωmν) (42)
Substituting Eq.(42) into the action functional (22) we get the standard action in the
Dirac–Nambu–Goto–like form [23] (up to numarical constant)
SDirac−Nambu−Goto =
p2(p+1)(p− 1)
c2(p+1)(α′)p+1
∫
dp+1ξdet1/2(ωmµ ωmν) + SW−Z
where SW−Z has the form (23).
This concludes the proof of the classical equivalence of the discussed twistor–like for-
mulation of super–p–branes with the standard ones [23].
2.5. Irreducible κ–symmetry transformations
To derive the form of the κ–symmetry transformations it is useful to rewrite the action
variation by extracting the blocks proportional to the left hand sides of motion equations
(27) – (29). First of all we transform the terms containing the auxiliary fields variations
δe and δv ∝ Ω(δ) (see (21)). As a result the first two terms in Eq. (26) turn into∫
dp+1ξ[{−eδeµf + eδeνgegνeµf + eegµΩgf (δ)}{(α′)−1/2ωmµ u{f}m −
1
p
efµ}+
Ω(i){f}(δ)(α′)−1/2eeµfω
m
µ u
(i)
m ] (43)
To transform in the similar way the terms involving ωm(δ) and δΘ the following relations
should be used
ǫµp...µ1µ0ωmpµp . . . ω
m1
µ1
(∂µ0θΓm1...mpC
−1)α =
= ǫµp...µ1µ0{ωmpµp u
(np)
mp } . . . {ωm1µ1 u(n1)m1 }∂µ0θγvbγ(Γ(n1)...(np)C−1)bavaα =
=
(
c(α′)1/2/p
)p
eeµf∂µθ
γvbγǫ
fp...f1f (Γ{f1}...{fp}C
−1)bav
a
α +
+{(α′)−1/2ωmµ u{f}m −
c
p
efµ}Hµ{f}avaα + ωmµ u(i)mGµia vaα, (44)
10
In Eq.(44) H and G are defined as follows
Hµ{f}a = −
p∑
k=1
(
c(α′)1/2
p
)p−k
ǫµp...µ1µefpµp . . . e
fk+1
µk+1
×
{(α′)−1/2ωmµku{fk}m −
c
p
efkµk} . . . {(α′)−1/2ωmµ2u{f2}m −
c
p
ef2µ2} ×
∂µ1θ
βvbβ(Γ{f}{f2}...{fp}C
−1)ba, (45)
Gµia =
p∑
k=1
(−1)kǫµp...µ1µωmµpu
{fp}
m ωmµk+1u
{fk+1}
m ωmµku
(ik)
m ω
m
µ2
u(i2)m ×
(Γ(i)(i2)...(ik)Γ{fk+1}...{fp}C
−1)ba (46)
Substituting Eqs. (43), (44), (31) and the explicit value of constant a (24) into Eq.(26)
we get the following expression for action variation
δSD,N=1,p = (α
′)−1/2
∫
dp+1ξ[e{−δeµf + δeνgegνeµf + egµΩgf (δ)− 2ia(α′)1/2e−1Hµ{f}avaαδθα} ×
{ωmµ u{f}m −
c
p
(α′)+1/2efµ}+
+(eeµfΩ
(i){f}(δ)− 2iaGµia vaαδθα)ωmµ u(i)m +
+ωm(δ){∂µ
(
eeµfu
{f}
m
)
+ ipaǫµp...µ1µ0ωmpµp . . . ω
m2
µ2
∂µ1θΓmm2...mpC
−1∂µ0θ} +
+2ieeµf∂µθ
βvbβ
(
Γ{f}C−1
)
bc
(
δca − i
p(p−1)
2 a(
c(α′)1/2
p
)pp!(Γ′)ca
)
vaαδθ
α (47)
The demand that δSD,N=1,p (47) vanish permits to find the explicit form of the κ–
symmetry transformations and the values (24) of the coefficient a of the Wess-Zumino
term (23) for which the action (22) is invariant under these transformations.
Indeed for this (and only for this) values of parameter a the matrix
(
δca − i
p(p−1)
2 a(
c(α′)1/2
p
)pp!(Γ′)ca
)
,
involved into a second brackets, becomes the projection operator
(δca ∓ (Γ′)ca)
11
The same projector appears in the motion equation (30). Hence, the multiplication of
(30) on the second projector (δca ∓ (Γ′)ca) from the right hand side results in the identity.
In accordance with the Second Noether theorem, this means the presence of symmetry in
the theory, which is just the κ–symmetry.
Hence, the general form of the κ–symmetry transformations for D-dimensional super–
p–branes in twistor-like Lorentz–harmonic formulation is characterized by the relation
vaαδθ
α = (δab ∓ (Γ′)ab ) ǫb (48)
These transformations involves the κ–symmetry parameter ǫb only in the contraction with
projector (δab ∓ (Γ′)ab) ǫb which kills half of 2ν components of ǫb. Hence, the κ–symmetry
has only 2ν−1 parameters.
Indeed, in the representation (36) Eq.(48) simplifies essentially and takes the form
vaαδθ
α = ǫqAv
α
qA (49)
where ǫqA is the 2
ν−1 -component parameter of the irreducible κ–symmetry and vαqA is the
component of inverse harmonic matrix (see (35))
(v−1)αa ≡ vαa =
(
vqαA
vqαA˙
)
(50)
The transformation rule for xm is defined by the (target space) supersymmetric con-
dition
ωm(δ) = δxm − iδθΓmC−1θ = 0 ⇒ δxm = δθΓmC−1θ, (51)
and the transformations for the auxiliary fields eµf and v
a
α are defined by the relations
δ
(
eeµf
)
= eeµgΩ{g}{f}(δ)− 2ia(α′)1/2Hµ{f}avaαδθα (52)
Ω(i){f}(δ) = 2ia(α′)1/2e−1Gµia v
a
αδθ
α (53)
where Hµ{f}a and G
µi
a are defined by (45), (46).
Of course, the SO(1, p) Cartan form Ω{f}{g}(δ) is not determined by the requirement
of the action invariance. This fact means the SO(1, p) gauge invariance of the discussed
action. For the κ–symmetry transformations we may set
Ω{f}{g}(δ) = 0 (54)
Hence, we present the action functional, the form of the irreducible κ–symmetry
transformations and the equations of motion for the twistor–like formulation of any N = 1
12
super–p–brane moving in space–time of arbitrary admissible (see [23]) dimension. In the
next section we discuss the most interesting cases of Heterotic superstring in D=10 and
supermembrane in D=11.
3 Example 1: D = 10 Heterotic superstring
The action functional for the heterotic superstring in the twistor-like Lorentz-harmonic
formulation (22) may be specified as follows 5
S10,N=1,1 = S1 + SW−Z , (55)
S1 = (α
′)−1/2
∫
dτdσe(c(α′)+
1
2 − (eµ[+2]u[−2]m + eµ[−2]u[+2]m )ωmµ ),
≡ (α′)−1/2
∫
dτdσe(c(α′)+1/2 − 1
16
eµ[+2]ωmµ
(
v−
A˙
σ˜mv
−
A˙
)
−
− 1
16
eµ[−2]ωmµ (v
+
A σ˜mv
+
A)) (56)
SW−Z ≡ −(cα′)−1
∫
dτdσǫµνiωmµ (∂νθσmθ) (57)
Here ωmµ is defined by the relation (25) with evident replacements of the Γ–matrices by the
symmetric 16× 16 Pauli matrices for D = 10 space-time σmαβ (see [19] for the notations):
ωmµ = ∂µx
m − i∂µθσmθ ≡ ∂µxm − i∂µθασmαβθβ, (58)
xm(m = 0, 1, . . . , 9) are the ordinary (flat) space-time coordinates and θα(α = 1, . . . , 16)
are the Grassmannian spinor coordinates of the D = 10, N = 1 superspace. In Eq.(56)
the basic directions tangent to the string worldsheet are chosen to be light–like and the
world–sheet zweinbein is parametrized as follows
efµ =
(
1
2
(
e[+2]µ + e
[−2]
µ
)
,
1
2
(
e[+2]µ − e[−2]µ
))
(59)
eµf =
(
1
2
(
eµ[−2] + eµ[+2]
)
,
1
2
(
eµ[−2] − eµ[+2]
))
(60)
The orthogonality conditions
efµe
µ
g = δ
f
g , e
µ
fe
f
ν = δ
µ
ν (61)
5Heterotic fermion term is omitted here. This form of the action follows from the twistor–like formu-
lation for D = 10, N = IIB Green–Schwarz superstring [17] after the trivial reduction to the N = 1 case:
θ2 = 0.
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are presented in Appendix B in the light-like notations.
The light–like notations are also convenient for the parametrization of the components
of the composed moving repere u(l)m (4), (5) of the target space tangent to the worldsheet
.
u(l)m ≡
1
16
Sp(vTσmvσ
(l)) ≡ 1
16
vaασ˜
αβ
m v
b
βσ
(l)
ab ≡ (u(0)m , u(1)m , . . . , u(9)m ) ≡ (u{f}m , u(i)m ),
u{f}m = (u
(0)
m , u
(9)
m ) = (
1
2
(u[+2]m +u
[−2]
m ),
1
2
(u[+2]m − u[−2]m )), (62)
To get the simple expressions for composed moving frame vectors (62) we will use the
following SO(1, 9)Global× (SO(1, 1)× SO(8))Local invariant splitting of the spinor moving
frame matrix variable (harmonic matrix) vaα (3)
vaα =
(
v+αA, v
−
αA˙
)
∈ Spin(1, 9) (63)
The vectors u[±2]m , u
(i)
m are defined in terms of the Lorentz harmonic variables v
+
αA, v
−
αA˙
by the relations
u[+2]m =
1
8
(v+A σ˜mv
+
A) ≡
1
8
v+αAσ˜
αβ
m v
+
βA, (64)
u[−2]m =
1
8
(v−
A˙
σ˜mv
−
A˙
), (65)
u(i)m =
1
8
(
v+A σ˜mγ
i
AA˙
v−
A˙
),
)
, (66)
The contracted SO(1,9) spinor indices in Eqs.(65), (66) and in the following formulas are
omitted.
The harmonicity conditions (8) which realize the statement (3) take the following form
in the discussed case 6
Ξm1...m4 = u
m(n)η(n)(l)Ξ
(l)
m1...m4m
= 0, (67)
Ξ0 ≡ u[−2]m um[+2] − 2 = 0, (68)
The expressions
Ξ(n)m1...m5 ≡ Sp(vT σ˜m1...m5vσ(n)) ≡ vaα(σ˜m1...m5)αβvbβ(σ(n))ab = 0 (69)
6 Such form of the harmonicity conditions for D=10 space-time have been proposed in the papers
[33, 34] where superparticle case have been discussed; the conditions (3) for SO(10) group had been
discussed in the earlier work [35] and used for the discussion of the twistor transform for the superfields
in the recent work [36].
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vanish as the consequence of Eqs. (67). The last expression of the type (20) vanishes
identically because of the antisymmetric property of the matrix (σ˜m1...m3)
αβ under the
spinor index permutations.
The repere orthogonality conditions are satisfied here as the common consequence of
the expressions (64)–(66), the conditions (67) and the famous identity (7) The normal-
ization conditions for the composed repere (64)–(66) are satisfied due to the harmonicity
conditions (67), (68) and due to the identity (7). The useful representation for D = 10
σ–matrices is given in the Appendix C.
Now we specify the general form of the equations of motion (27)– (30) and irreducible
κ–symmetry–transformations (48)–(49) for D = 10 Heterotic string in the twistor-like
Lorentz-harmonic formulation.
The equation of motion for auxiliary fields has the form
ωmµ u
[±2]
m = c(α
′)1/2e[±2]µ , (70)
ωmµ u
(i)
m = 0 (71)
Thus the light–like vectors um[±2] are tangent to the superstring world-sheet on the
shell, defined by the motion equations. Contrary, the vectors um(i) are orthogonal to the
world-sheet on this shell.
Using Eqs.(70), (71), the classical equivalence of the discussed D = 10 superstring
formulation with the standard Green- Schwarz one [7] can be justified easily (see [17] for
N = 2 Green–Schwarz superstring case).
The equations of motion for the xm(ξ) and θ(ξ) fields: δS
δxm(ξ)
= 0 and δS
δθαI (ξ)
= 0 have
the form
∂µ(e
∑
±
(eµ[±2]u[∓2]m ))− 2iǫµν∂µθσm∂νθ/c(α′)1/2 = 0, (72)
(∂µθσ
m)α(
∑
±
eµ[±2]um[∓2] − 2ǫµνωmν ) = 0, (73)
which may be reduced to the standard one [7] in a same manner, as have been done for
the general case. Excluding the fields ωmν from the equation (73), we derive the following
particle–like form of the equation for grassmannian field θ
eµ[−2]∂µθ
αv+αA = 0, (74)
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4 Example 2: Supermembranes in D = 11
In this section we shall use the following SO(1, 2) × SO(8) invariant representation for
the charge conjugation matrix and the γ-matrices in D = 11.
Cab = −Cba = diag
(
ǫaˆbˆδAB,−ǫaˆbˆδA˙B˙
)
,
C−1ab = diag
(
ǫaˆbˆδAB,−ǫaˆbˆδA˙B˙
)
,
Γ(m) ≡
(
Γ{f},Γ(i)
)
,
Γ{f} ≡
(
Γ{0},Γ{1},Γ{2}
)
≡
(
Γ0,Γ9,Γ10
)
= diag
(
γfbˆaˆ δAB,−γfaˆbˆ δA˙B˙
)
,
Γ(i) ≡
(
Γ1, . . . ,Γ8
)
= [
0 ǫ
aˆbˆ
γ
(i)
AB˙
−ǫaˆbˆγ˜
(i)
A˙B
0
] (75)
where
a =
(
aˆ
A,aˆA˙
)
(76)
is the composed spinor (upper) index of SO(1, 2)× SO(8), γ(i) are d = 8 γ-matrices [7]
which are similar those for D = 10; γ˜
(i)
A˙B
≡ γ(i)
BA˙
, γfaˆ
bˆ
are d = 3 γ–matrices, ǫaˆbˆ = −ǫbˆaˆ
(ǫ12 = −ǫ12 = 1) represents d = 3 charge conjugation matrix.
The Lorentz harmonics (3), (8) parametrize the coset SO(1, 10)/(SO(1, 2)× SO(8))
and form 32× 32 matrix vaα
vaα =
(
vaˆαA, vαaˆA˙
)
(77)
where α = 1, ..., 32 are the spinor indices of the group SO(1, 10); aˆ, bˆ = 1, 2 belong to the
spinor indices of SO(1, 2) ; A,B = 1, . . . , 8 ; A˙, B˙ = 1, . . . , 8 are s- and c- spinor indices
of SO(8) respectively. The matrix (75) takes its values in the group Spin(1, 10) which is
a double-covering group for the Lorentz group SO(1, 10) because it satisfies the following
harmonicity conditions
Ξ ≡ vaαCαβvbβ − Cab = 0, (78)
Ξ(n)m1m2 ≡ vaα(CΓm1m2)αβvbβ
(
Γ(n)C−1
)
ab
= 0, (79)
Ξ(n)m1...m5 ≡ vaα (CΓm1...m5)αβ vbβ
(
Γ(n)C−1
)
ab
= 0, (80)
which exclude 496 + 11 + 462 = 969(= 1024− 55) degrees of freedom.
Thus the harmonics vaαA, vαA˙a describe 55 = dimSO(1, 10)(= 1024−969) independent
degrees of freedom. Among the latter 31 = 3 + 28 = dimSO(1, 2) + dimSO(8) degrees of
freedom are pure gauge ones due to SO(1, 2)× SO(8) local symmetry of S11,1,2.
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The harmonicity conditions (78) are independent, but the relations (79),(80) contain
only 11 and 462 independent conditions on harmonics , respectively (see [18] for details).
The relations (78) allow to construct the matrix inverse to vaα using the same variables
vaˆαA, vαA˙aˆ:
(V −1 )βb =
(
−CβαvαbA, CβαvbαA˙
)
(81)
Here and further the spinor indices belonging to SO(1,2) group are lifted and lowered
vαbA = ǫbav
a
αA, v
b
αA˙ = ǫ
bavαA˙a (82)
using the d = 3 charge conjugation matrix. Now it is possible to specialize the expressions
(5) for the case of supermembrane in D = 11 using the representation (75)
ufm =
1
32
[
vaˆA (CΓm) vbˆA + v
aˆA˙ (CΓm) vbˆA˙
]
(γf)bˆaˆ, (83)
u(i)m = −
1
16
vaˆA (CΓm) vaˆA˙γ
i
AA˙ (84)
The converted SO(1,10) spinor indices are omitted in (83),(84). The use of Eqs. (9)-(11)
allows to present the expressions (83), (84) in the form
u{f}m
(
ΓmC−1
)
αβ
=
(
vaˆαAvβbˆA + v
aˆ
αA˙vβbˆB˙
)
γ
{f}bˆ
aˆ , (85)
u(i)m (Γ
mC−1)αβ = 2v
aˆ
A{αvβ}aˆA˙γ
i
AA˙
(86)
Note that the left and right parts of Eq.(85) are symmetric under permutation of
SO(1,10) spinor indices owing to the well-known γ-matrix identities for γ-matrices in
D = 11 and d = 3
(
ΓmC−1
)T
=
(
ΓmC−1
)
,(
ǫγf
)T
=
(
ǫγf
)
(87)
The matrix (31) for D = 11 supermembrane (p = 2) has the form
Γ′ = diag(δbˆaˆδAB,−δaˆbˆ δA˙B˙) (88)
The twistor–like action for the supermembrane in D = 11 has the form (22) with the
Wess–Zumino term (23) which may be presented in the form
SWZ11,1,2 =
2
α′
√
α′c2
∫
dξ3ǫµνρ[∂µx
m(∂νx
n + i∂νθ
α(ΓnC−1)αβθ
β)−
−1
3
∂µθ(Γ
mC−1)θ ∂νθ(Γ
nC−1)θ] ∂ρθ(ΓmnC
−1)θ, (89)
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Equations of motion (27)–(30) may be specialized as follows for D = 11 supermem-
brane:
ωmµ u
{f}
m =
c(α′)1/2
2
efµ, (90)
ωmµ u
(i)
m = 0, (91)
∂µ(ee
µ
fu
{f}
m ) +
2
c(α′)1/2
ǫµνρeµfu
m{f}∂νθΓmnC
−1∂ρθ = 0 (92)
eµf∂µθ
βvβbˆA˙
(
ǫγ{f})bˆaˆ
)
= 0 (93)
The expressions for the κ–symmetry transformations have the form
δθαvaαA = ǫ
a
A, δθ
αvαaA˙ = 0, ⇐⇒ δθα = ǫaAvαaA (94)
ωm(δ) = δxm − iδθΓmC−1θ = 0 ⇒ δxm = δθΓmC−1θ, (95)
Ω(i){f}(δ) = 2ia(α′)1/2e−1Gµia v
a
αδθ
α, (96)
δ(eeµf ) = ee
µgΩ{g}{f}(δ)− 2ia(α′)1/2Hµ{f}avaαδθα, (97)
where
Gµia v
a
α = ǫ
µ1µ2µωmµ1∂µ2θ
β [u(i1)m (v
bˆ
βγii1v
aˆ
αǫbˆaˆ − vβbˆγ˜ii1vαaˆǫbˆaˆ) +
u{f}m (v
bˆ
βγivαaˆ + vβbˆγ˜iv
aˆ
α) (98)
and
Hµ{f}av
a
α = iǫ
µµ1µ2ǫff1f2ω
m
µ1u
{f1}
m ∂µ2θ
β(vbˆβA(γ
{f2}ǫ−1)bˆaˆv
aˆ
αA − vβbˆA˙(ǫγ˜{f2})bˆaˆvαaˆA˙) (99)
As a result of SO(1, 2) gauge invariance of the action, Cartan form Ω{f}{g}(δ) is not
determined and we may set
Ω{f}{g}(δ) = 0 (100)
for the κ-symmetry transformations.
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5 Conclusion
Therefore, the twistor–like formulations for the all known N = 1 super–p–brane theories
[24] are presented here. The possible application of these formulations is the investigation
of the nonlinear equations of motion for super–p–brane with p ≥ 2 using the generalized
twistor methods.
Moreover, it was proved that the κ–symmetry (as well as all another gauge symmetries)
are present in the irreducible form in these formulations (see Subsection 2.5). So, the
covariant Hamiltonian formalism for all set of N = 1 super–p–branes can be build using
the results of this paper. (Such formalism for D = 10 N = IIB superstring have been
developed in Ref. [17]).
We prove the classical equivalence of the discussed super–p–brane formulations with
the known ones. However such equivalence can be destroyed by quantum effects as well
as by the coupling to the gauge fields. Does this destruction indeed appears or no? This
is the interesting question for further investigation.
One more point noteworthy is connected with the recently discovered type IIA and
IIB super–p–branes previously thought not to exist for p ≥ 2 [30]. These type II super–
p–branes emerge as solitons of either type IIA or IIB supergravity and involve additional
worldsheet vector or tensor fields. As it has been recently shown such super–p–branes exist
in D = 10 only [31]. Unfortunately at the present time supersymmetric and κ–symmetric
formulations of these type p–brane actions are absent. It could be suggested that the
twistor–like harmonic approach developed here may be useful for solving this problem.
6 Acknowlagements
In conclusion we acknowledge K.S.Stelle and D.V.Volkov for useful conversations and
helpful discussions.
One of the authors (I.A.B.) would like to thank Prof. Mario Tonin and Prof. Paolo
Pasti for the interest to the work, the discussions of the results and for the hospitality in
the Padova University and Padova I.N.F.N. section.
19
7 Appendix A
The Fiertz identities for D = 2, 3, 4(mod 8)
F βα = 2
−νδβαSp(F )− 2−(ν+1)(Γm1m2)βαSp(Γm1m2F ) +
+
∑
k≥1
B2k(Γ
m1...m2k)αβSp(Γm1...m2kF ) +
+(1− δ
D(mod8),2)[2
−ν(Γm)βαSp(ΓmF ) +
+
∑
k≥1
B2k+1(Γ
m1...m2k+1)βαSp(Γm1...m2k+1F )] (101)
where the last term is absent for D = 2(mod 8),
Uαβ = 2−ν(CΓm)αβSp(UΓmC
−1) +
+
∑
k≥1
B2k+1(CΓ
m1...m2k+1)αβSp(UΓm1...m2k+1C
−1)
+(1− δD(mod8),2)[2−νCαβSp(UC−1)−
−2−(ν+1)(CΓm1m2)αβSp(UΓm1m2C−1) +
+
∑
k≥2
B2k(CΓ
m1...m2k)αβSp(UΓm1...m2kC
−1)], (102)
Wαβ = 2
−ν(ΓmC−1)αβSp(CΓmW ) +
+
∑
k≥1
B2k+1(Γ
m1...m2k+1C−1)αβSp(CΓm1...m2k+1W ) +
+(1− δD(mod8),2)[2−νC−1αβSp(CW )− 2−(ν+1)(Γm1m2C−1)αβSp(CΓm1m2W ) +∑
k≥2
B2k(Γ
m1...m2kC−1)αβSp(CΓm1...m2kW )] (103)
We do not need in the expressions for the numerical coefficients Bk except for the first
three ones
B0 = B1 = 2
−ν ,
B2 = −2−(ν+1)
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8 Appendix B
World-sheet repere (p=1, d=2).
The orthonormality conditions in ”light-like” notations
Repere variables of the (super)string worldsheet
e[±2]µ , e
µ[±2]
satisfy the following conditions
e[+2]µ e
µ[+2] = 0 = e[−2]µ e
µ[−2], e[+2]µ e
µ[−2] = 2 = e[−2]µ e
µ[+2], (104)
ǫµν =
1
2
e(eµ[+2]eν[−2] − eµ[−2]eν[+2]),
(
ǫ01 = −ǫ01 = 1
)
, (105)
gµν =
1
2
(eµ[+2]eν[−2] + eµ[−2]eν[+2]),
√−g ≡ e, (106)
δνµ =
1
2
(e[+2]µ e
ν[−2]+e[−2]µ e
ν[+2]), ǫµνe
µ[−2]eν[+2] = 2/e, (107)
9 Appendix C
The following representation for the σ-matrices should be used for an explicit calculations
in the case of 10–dimensional space-time:
σ0ab = diag(δAB, δA˙B˙) = σ˜
0ab, (108)
σ9ab = diag(δAB,−δA˙B˙) = −σ˜9ab, (109)
σ
(i)
ab =
(
0 γi
AB˙
γ˜i
A˙B
0
)
= −σ˜(i)ab, (110)
σ
[+2]
ab ≡ (σ0 + σ9)ab = diag(2δAB, 0) = −(σ˜0 − σ˜9)ab = σ˜[−2]ab, (111)
σ
[−2]
ab ≡ (σ0 − σ9)ab = diag(0, 2δA˙B˙) = (σ˜0 + σ˜9)ab = σ˜[+2]ab, (112)
Here γi
AB˙
are the σ -matrices for SO(8) group, γ˜i
A˙B
≡ γi
BA˙
.
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